We experimentally observe dispersive waves in the anomalous dispersion regime of a beta-barium-borate (BBO) crystal, induced by a self-defocusing few-cycle temporal soliton. Together the soliton and dispersive waves form an energetic octave-spanning supercontinuum. The soliton was excited in the normal dispersion regime of BBO through a negative cascaded quadratic nonlinearity. Using pump wavelengths from 1.24 to 1.4 μm, dispersive waves are found from 1.9 to 2.2 μm, agreeing well with calculated resonant phasematching wavelengths due to degenerate four-wave mixing to the soliton. We also observe resonant radiation from nondegenerate four-wave mixing between the soliton and a probe wave, which was formed by leaking part of the pump spectrum into the anomalous dispersion regime. We confirm the experimental results through simulations. Since their discovery [1], soliton-induced dispersive waves (DWs) in fibers have been intensively investigated. After their immediate experimental verification [2,3], they were later found to play an essential role in fiber supercontiuum generation [4, 5] ; see also reviews in [6, 7] . With proper fiber dispersion control, new spectral components may in this way be generated on either the short-wavelength side or the long-wavelength side of the pump wavelength [4, [8] [9] [10] [11] . The normally small core size of the fiber, however, limits the propagating pulse energy, especially when generating DWs in the long-wavelength side of the pump, and multiple zero-dispersion wavelengths (ZDWs) are generally needed. Switching to bulk nonlinear materials allows using higher pump energy, but because the Kerr nonlinearity is self-focusing (n 2 > 0) when pumping far from resonances, high peak powers lead to undesired filamentation due to selffocusing collapse, and the soliton exists only in the anomalous group-velocity dispersion (GVD) regime, typically in the midinfrared (IR), where it can be excited as a single filament [12, 13] . As a consequence, the phase-matched DW is found in the normal GVD regime in the visible and near-IR (NIR) [14] .
Since their discovery [1] , soliton-induced dispersive waves (DWs) in fibers have been intensively investigated. After their immediate experimental verification [2, 3] , they were later found to play an essential role in fiber supercontiuum generation [4, 5] ; see also reviews in [6, 7] . With proper fiber dispersion control, new spectral components may in this way be generated on either the short-wavelength side or the long-wavelength side of the pump wavelength [4, [8] [9] [10] [11] . The normally small core size of the fiber, however, limits the propagating pulse energy, especially when generating DWs in the long-wavelength side of the pump, and multiple zero-dispersion wavelengths (ZDWs) are generally needed. Switching to bulk nonlinear materials allows using higher pump energy, but because the Kerr nonlinearity is self-focusing (n 2 > 0) when pumping far from resonances, high peak powers lead to undesired filamentation due to selffocusing collapse, and the soliton exists only in the anomalous group-velocity dispersion (GVD) regime, typically in the midinfrared (IR), where it can be excited as a single filament [12, 13] . As a consequence, the phase-matched DW is found in the normal GVD regime in the visible and near-IR (NIR) [14] .
A self-defocusing nonlinearity (n 2 < 0) is instead filament free, and it is accessible through a phase-mismatched (cascaded) quadratic nonlinear process [15] . The flipped sign of nonlinearity also means that the soliton forms in the normal GVD regime, typically in the NIR, and as a consequence, high-energy DWs are predicted in the anomalous GVD regime [16, 17] , typically in the mid-IR [18, 19] . The excitation and utilization of NIR solitons in the normal GVD regime by the cascaded quadratic nonlinear process have been reported in various nonlinear crystals [20] [21] [22] [23] , especially in the most frequently used beta-barium-borate (BBO) crystal, in which soliton selfcompression was observed [20] , even down to a few optical cycles [21] . Numerical simulations predicted that the soliton should emit a long-wavelength DW in BBO [16] , but initial experimental efforts failed to observe this [17] . After reports of possible DW formation in waveguides with cascaded quadratic nonlinearities [24] , a self-defocusing soliton-induced DW was only recently definitively confirmed in a bulk crystal (lithium niobate); the few-cycle NIR self-defocusing soliton observed in [23] was confirmed to be accompanied by a femtosecond mid-IR DW [25] .
Here, we show the first experimental observation of a DW phase-matched to a self-defocusing temporal soliton in BBO. DW emission from 1.9 to 2.2 μm is measured in a 25 mm long BBO crystal with single pump wavelengths from 1.24 to 1.40 μm. The DW and soliton dynamics induce an octavespanning supercontinuum using pump intensities that are an order of magnitude lower than in the lithium-niobate case in [23] . We also observe for the first time, to the best of our knowledge, a resonant DW generated by nondegenerate fourwave mixing (FWM). As the experiment in [17] predicted, this type of DW may form when a self-defocusing soliton interacts with a linear wave that is generated by leaking part of the pump spectrum into the anomalous GVD regime in the early stage of spectral broadening. The observations are in good agreement with numerical simulations.
A 25 mm long BBO crystal was used with a 10 × 7 mm 2 aperture (cut with θ 21°, ϕ −90°). A 1 kHz commercial optical parametric amplifier was used to generate wavelengthtunable laser pulses, which entered the crystal with a wellcollimated beam (the beam spot size was 1.8 mm full-width at half-maximum (FWHM), ensuring minimal diffraction and spatial walk-off effects). The input pulse durations were around 50 fs (see Fig. 1 ) and the bandwidths were 63-65 nm. The linear chirp was therefore in the range jCj 0.6-0.9, depending on center wavelength, and we controlled this small amount of chirp to be negative as it is beneficial for soliton formation [23] . The phase-mismatch was tuned by rotating the external crystal angle away from the second-harmonic generation (SHG) phase-matching point to give Δk k 2 − 2k 1 > 0, resulting in a cascaded self-defocusing (negative) Kerr-like nonlinearity n 2;casc ∝ −d 2 eff ∕Δk [15] . This will then compete with the positive material Kerr nonlinearity n 2;Kerr (see [26] for Kerr values), and tuning angles were used where the effective Kerr nonlinearity n 2;eff n 2;casc n 2;Kerr was negative. The pump intensity was adjusted by neutral density filters. An InGaAs CCD-based spectrometer recorded the spectrum from 870 up to 2500 nm. The basic experimental setup was similar to [21] , and in the same way, we observed clear temporal pulse compression under various pump wavelengths, intensities, and phase-mismatch values. The inset in Fig. 1 shows typical autocorrelation traces for the direct input and output pulses. The pulse was in this case threefold compressed from a 52 fs FWHM Gaussian down to a sech 2 -shaped 16 fs FWHM pulse (four optical cycles). An uncompressed pedestal structure is, as per usual for soliton compression, evident, but overall, the soliton pulse quality was excellent. Because there is no dispersion compensation involved, this observed pulse self-compression is a clear indication that a higher-order soliton was excited because of the interplay of the positive material GVD (the ZDW of BBO is 1.49 μm) and an effective negative Kerr-like nonlinearity. The output spectrum reveals that the formation of a temporal soliton around the NIR pump wavelength indeed is accompanied by DW formation in the long-wavelength anomalous GVD regime of the BBO crystal. The peak is found only 10 dB below the soliton maximum, confirming a substantial energy transfer. The supercontinuum bandwidth is over one octave.
DW generation was observed well beyond the ZDW under various conditions. Figure 2(a) shows the input and output spectra when pumping at λ 1 1.3 μm; the crystal was angletuned for Δk 14 mm , and the intensity increased. In all cases, an octave-spanning supercontinuum is measured, and the significant secondary spectral peaks near 2.0 to 2.1 μm are clear signs of the presence of a resonant DW. With increased pump intensities, the formed DW slightly shifts to the red; this is because the central wavelength of the NIR soliton pump becomes more blue shifted with increasing intensity, which will red shift the DW phase matching point (see more in Fig. 3) .
In order to first understand how the resonant DW becomes phase-matched to the soliton, we briefly outline the physics behind [17] (see also [27] ); as already mentioned, the soliton formation can essentially be understood as a Kerr effect. The effective negative nonlinearity will induce spectral broadening through self-phase modulation (SPM)
;eff I s ω s ∕2c. The degenerate case is J 0, so-called soliton-induced Cherenkov radiation, and the nondegenerate case is J 1 in case a weak (i.e., linear) probe at frequency ω p is present.
With numerical simulations (using the slowly evolving wave equation [29] in the plane-wave limit and the nonlinear χ 2 and χ 3 values of [26] ), we checked the validity of claiming the long-wavelength peaks are DWs. Figure 3 shows a representative case where the temporal and spectral evolution are plotted for the o-polarized field. Around 10.5 mm, the soliton self-compression occurs, and here the soliton has a steep selfsteepening induced shock front. After this, the soliton relaxes and reaches a steady state, surrounded by the typical uncompressed pedestal, and here the slow DW on the trailing edge is evident. The spectral evolution, plotted as the power spectral density (PSD) calculated using the experimental input pulse parameters, shows that the pump wave blue shifts significantly before self-compression. This is a consequence of cascading induced self-steepening [30] , which can lead to significant blue shift of the pulse [31] . At the self-compression point, a soliton forms, and a DW is emitted. Its location (light-gray lines) does not match the phase-matching point of a 1.3 μm soliton (straight red line in the soliton dispersion curves), but this is because the self-frequency shift causes the soliton to form at 1.2 μm. This is taken into account in the dashed-red soliton dispersion curve (see explanation in [27] as to why it is not a flat curve), and therefore, the resonant phase-matching point shifts from 2.03 to 2.17 μm (dark-gray lines). This matches well with the observed DW emission. Notice that the soliton then continues to blue shift before saturating at 1.18 μm (as the selfsteepening induced frequency shift stops when the soliton reaches its steady state [32] ), but the DW is only emitted at the self-compression point. The main DW emission seems to occur when the pulse shock-front is the steepest, and as the soliton afterward relaxes, no more DW radiation is seen. This explains why the DW is emitted in a single burst. Figure 2(b) shows the DW dynamic under various phasemismatch values. The DW emission is gradually strengthened when Δk is decreased from 18 to 14 mm −1 . Note that the phase-matching point does not change when Δk varies, because it does not depend on Δk [17] ; as we saw above, only the pump dispersion is relevant (apart from a small change in q sol when Δk varies as Δk directly affects n 2;eff ). An explanation instead lies in the cascading induced self-steepening effect, scaling as ∝ 1∕Δk [30] . This leads to a more significant blue shift of the soliton (explaining the DW red shift). Normally one would therefore expect a weaker DW, but as the shock front is steeper for smaller Δk, this also gives a stronger soliton-DW coupling. Figs. 4(a) and 4(b) show that the DWs are weaker. This is consistent with the pump being further from the ZDW, and thus, a less efficient DW formation is expected. Eventually, the soliton exits the crystal at the same wavelength as the 1.3 μm case, but it is the soliton-wavelength at the selfcompression point that matters, as we saw in Fig. 3 . In Fig. 4(b) , we also note that the DW does not increase as Δk is lowered; we believe this is because there is an optimal point for DW generation because lowering Δk, despite giving a larger nonlinearity, does not favor few-cycle solitons because the cascading has a resonant nonlocal response [16, 33, 34] . We will investigate this further in another paper.
Instead, the λ 1 1.4 μm results in Figs. 4(c) and 4(d) stand out. First, a large part of the spectrum lies in the anomalous dispersion regime (up to 40%). Second, when increasing the effective soliton order (i.e., increasing I in or decreasing Δk), the soliton will form earlier in the crystal, and a secondary peak Fig. 3 . Numerical simulation showcasing the o-polarized temporal and spectral evolution for λ 1 1.3 μm, Δk 10 mm −1 , and pump 52 fs FWHM with C −0.9 and I in 35 GW∕cm 2 . The black line tracks the pump/soliton maximum wavelength (extracted from the spectrograms at each z-value). The plot above the spectral evolution shows the phase-matching curves in the moving reference frame for λ sol 1.3 μm for degenerate (J 0) interaction, plotted for two different soliton wavelengths. The offset q sol is indicated, and it was calculated by using I s 80 GW∕cm 2 . appears. In [17] , an experimental attempt was made to observe self-defocusing soliton-induced DWs, and a similar spectral shoulder was observed up to 1.7 μm (the radiation beyond that could not be measured). Numerical simulations concluded that the intensity was too low for a soliton to form in the crystal, and the peak was the red shoulder of the SPM-broadened spectrum leaking into the anomalous GVD regime. Also, in the present experiment, the first single peak seems to have this origin, but as we here are able to excite a soliton, the secondary longwavelength peak could be a degenerate (J 0) or nondegenerate (J 1) DW. To check this, we show a corresponding simulation in Fig. 5 . A self-compressed soliton forms after 12.5 mm, and the temporal trace shows coherent beating and the slow wave traveling away from the soliton. In the spectrum, the red side of the SPM-broadened pump leaks into the anomalous GVD regime, where it acts like a probe making it possible to interact with the self-defocusing soliton (see also [27] ). The phase-matching wavelength of this nondegenerate FWM between a soliton at λ s 1.2 μm and a probe at λ p 1.65 μm is close to 2.0 μm (blue dashed lines) where, indeed, the resonant radiation shows up. There is also a J 0 DW forming at the self-compression point phase-matched to almost the same wavelength (gray lines), but it is weak and leaves almost no trail in time domain. Instead, clearly the resonant radiation shows up after 15 mm, much later than the soliton self-compression point, indicating that this is indeed nondegenerate FWM between the soliton and the leaked SPM shoulder.
In conclusion, we experimentally observed DWs phasematched by degenerate FWM to a self-defocusing temporal few-cycle soliton in a BBO crystal. The soliton was excited by a negative nonlinearity induced by phase-mismatched (cascaded) SHG using NIR pump wavelengths between 1.24 and 1.40 μm in which BBO has normal GVD. The long-wavelength DWs were observed in the anomalous GVD regime from 1.9 to 2.2 μm, and generation of shorter wavelengths was inhibited by the strong blue shift of the NIR soliton. When pumping close to the ZDW, a part of the broadened pump spectrum was found to leak into the anomalous GVD regime, and this gave rise to soliton-probe-induced DWs from nondegenerate FWM, observed for the first time to our knowledge with a self-defocusing soliton. Fig. 3 but using λ 1 1.4 μm, C −0.6, Δk 10 mm −1 , and I in 40 GW∕cm 2 . The phase-matching curves plotted in the moving reference frame for λ sol 1.4 μm for both a degenerate (J 0) and nondegenerate (J 1) FWM soliton-DW interaction (using a probe wave located at λ p 1.65 μm). Two different soliton wavelengths are shown to reflect the soliton blue shift.
